The monogamy is a fundamental property of Bell nonlocality and contextuality. In this article, we studied the n-cycle noncontextual inequalities and generalized CHSH inequalities in detail and found the sufficient conditions for those inequalities to be hold. According to those conditions, we provide several kind of tradeoff relations: monogamy of generalized Bell inequalities in nonsignaling framework, monogamy of cycle type noncontextual inequalities and monogamy between Bell inequality and noncontextual inequality in general no-disturbance framework. At last, some generic tradeoff relations of generalized CHSH inequalities for n-party physical systems, which are beyond one-to-many scenario, are discussed.
INTRODUCTION
The pioneering works by Bell [1] and Kochen and Specker [2] shed light on the fact that the point of locally realistic interpretation and noncontextual realistic interpretation of the classical physics does not apply to the quantum world. Equivalently, there are no local hidden variable(LHV) and noncontextual hidden variable(NCHV) models for quantum mechanics. The simplest theoretical proofs of the nonexistence are described mathematically by the violation of ClauserHorne-Shimony-Holt(CHSH) inequality [3] and the violation of Klyachko-Can-Binicioǧlu-Shumoviski(KCBS) inequality [4] respectively. A lot of designed experiments, like most recent loophole-free one [5] , demonstrated that we need reconsider the viewpoint of traditional truth on the basis of the viewpoint of holistic reality in quantum mechanics.
The violation of CHSH inequality requires at least two spatially separated two dimensional parties, Alice and Bob, the correlation between them can be described as a joint probability distribution p(a i , b j |A i , B j ), where A i and B j are measurements chose by Alice and Bob, a i and b j are their outcomes respectively. There are some constraints on this correlation by non-signaling principle which says that signal can not travel faster than light(i.e. spatially separated parties can not affect each other), mathematically it reads p(a i |A i ) = bj p(a i , b j |A i , B j ) = b k p(a i , b k |A i , B k ), in which A i is the measurement chose by Alice and B j (B k ) is the measurement chose by Bob. These constraints guarantee that the measurements of Alice are independent of the other party's choices. One of the most fundamen- * Email address: cajia@mail.ustc.edu.cn tal properties of nonlocal correlations is monogamy relation. Scarani and Gisin [6] showed that, for any threequbit state shared by Alice, Bob and Charlie, if Alice and Bob do CHSH type experiment and get a violated value, namely CHSH A,B ≥ 2, then the experiment result between Alice and Charlie must satisfy CHSH inequality, namely CHSH A,C ≤ 2, more concisely CHSH A,B + CHSH A,C ≤ 4, this monogamy relation can be derived from non-signaling principle solely [7] . The result can be generalized for spatially separated Alice and n Bobs [8] , each Bob choose n measurements to do the same Bell-type experiment with Alice, when Alice use the same n measurements in each experiment, then these experiments can not simultaneously get the violated values. Ramanathan and Horodecki [9] give a more general result without restricting the number of measurements of each parties, but it still require that all inequalities in monogamy relation are of the same type and all Alice's measurement are shared in each inequality. Note that all above monogamy relations are in one-to-many scenario, i.e., Alice do experiments with several Bobs.
The violation of KCBS inequality requires a single physical system whose dimension is larger than 3 or above and a set of measurements {A 1 , · · · , A 5 }, where A i and A i+1 (A 5+1 = A 1 ) are compatible. In this case, non-signaling principle can be naturally generalized as no-disturbance principle, it states that for any measurements A and A i (i = 1, · · · , m) such that A is compatible with each A i , then whichever A i is choosed to measure with A jointly does not affect the distribution of A, reflecting on correlation probability distributions as:
Quantum mechanics satisfies the nodisturbance principle, but there exist theories that satisfy the no-disturbance principle and violate noncontextual and Bell inequalities more than quantum mechanics [10, 11] . Like Bell inequality, there are also some monogamy relations between KCBS inequalities [12] , but this relation is conditional, it requires two KCBS measurement sets have a compatible part. More interestingly, it is proved that there is monogamy relation between CHSH inequality and KCBS inequality, if these experiments share two measures [11] . Recently, an experimental verification of this monogamy relation is presented [13] .
In this paper, we try to find the reason why monogamy occurs, so we stress the relationship between the monogamy relation and the local bound R L (resp. contextual bound R C ), quantum bound(Tsirelson bound) R Q , and non-signaling bound R N S (resp. no-disturbance bound R N D , we will not distinguish R N S and R N D if there is no ambiguity), and sufficient conditions of inequalities to be hold is derived. According to those conditions, we studied the generalized CHSH inequalities [14] and n-cycle noncontextual inequalities [15] with a view towards their monogamy aspects in detail. Compared with the work of Pawlowski and Brukner [8] and the work of Ramanathan and Horodecki [9] , whose results are restricted on the same type Bell inequality with each party choosing the same number of measurements in a oneto-many scenario, and all of Alice's measurements must be shared in each run of experiment, our results indicate that: (1) Bell inequality in each run of experiment is not necessarily of the same type, actually, there exist some classes of Bell ineuqalities, monogamy relations can be established in the same class; (2) It is not necessary to share all measurements chose by Alice, more explicitly, sharing two measurements are enough to reveal the monogamy of Bell nonlocality; (3) There exist monogamy relations beyond one-to-many scenario, which are more intrinsic from the entanglement viewpoint. Our results suggest that monogamy relation exists in some special class of inequalities, which may be utilized to classify Bell nonlocality and contextuality.
COMPATIBLE GRAPHS, JOINT PROBABILITY DISTRIBUTIONS AND MONOGAMY RELATIONS
For a set of measurements, we can draw a compatible measurement graph G(V, E), in which each measurement is represented by the a vertex in the vertices set V , the edge set E ⊆ V 2 contained all unordered pairs (A i , A j ) where A i and A j are compatible. Likewise, we can define the experimental measurement graph, in which the vertex set consists of all measurements involved in one experiment, and for any two jointly measured measurements in the experiment, we connecting them by an edge, see Fig. 1(a) -(c) for example. There is a compatible measurement graph corresponding to the experimental measurement graph, by connecting all compatible vertexes, in Fig. 1(d) the upper one is an experimental measurement graph, in such an experiment, we measure the value of AB , BC , CD and DA , but A, B, C and D are pairwise compatible, then we can draw its compatible graph as the lower graph in Fig. 1(d) . If A 1 , · · · , A n are a set of pairwise compatible measurements, i.e. its compatible measurement graph is complete, as in Fig. 1(a) , it is natural in physics to assumed that there exist a joint probability distribution p(a 1 , · · · , a n |A 1 , · · · , A n ) of all measurements, whose marginal are consistent with all partial measurements' probability distributions. For incomplete compatible measurements, people want to construct a joint probability distribution for the graph, such that all measurable marginal can be reproduced from this joint probability distribution. It was first found by Fine[16] that in some case such a joint probability distribution can be constructed using some measurable marginal. To explain how to do this, see Fig. 1(b) , the joint probability distribution of upper graph can be constructed as
, for the lower one, it is p(e 1 , e 2 , e 3 , e 4 ) = p(e 1 , e 2 .e 4 )p(e 3 , e 2 , e 4 )/p(e 2 , e 4 ). Here, as well as the following section, we abbreviate the probability distribution p(a|A) as p(a) for convenience. Such a method is widely use in inequality monogamy problems and other probabilistic aspects of quantum theory [11, 12, 17] . Generally, it was proved that if the compatible measurement graph is a chordal graph, there is such a joint probability distribution [12] . Proposition 1. If the compatible measurement graph of a set of measurements is a chordal graph, then the graph admits a joint possibility distribution such that all measurable marginal can be reproduced from this joint probability distribution.
By chordal graph we mean a graph in which all cycles of four or more vertices have a chord, which is an edge that is not part of the cycle but connects two vertices of the cycle [18] , equivalently, every induced cycle in the graph should have at most three vertices.
From the viewpoint of quantum correlations, quantum theory is actually a non-signaling theory. In a specific run of the experiment, the correlations between each measurements are described by the joint probability distribution. For spatially separated observables, these correlations must satisfy the non-signaling conditions. Following the work of Acin, Gisin and Masanes [7] let's recall the definition of non-signaling conditions. Consider spatially separated n-parties Γ n = {S 1 , · · · , S n }, each of them could measure their physical systems with different observables, then the correlations between these parties are described by a joint probability distribu-
k is the k-th party's measurement and s i k k is the corresponding outcome}. If the probability distribution of each subset of parties Γ m = {S k1 , · · · , S km } ⊆ Γ n is the marginal probability distribution of some correlation parties, then we say that the correlations of these nparties are non-signaling. It was proved that nonsignaling conditions hold for all subset of Γ n if it holds for all subsets Γ n−1 [19] . The importance of such a definition for yielding the monogamy relation of Bell inequalities will be illustrated latter in an example. No-disturbance conditions are natural generalization of non-signaling conditions, these conditions concerns the compatible observables instead of only laying emphasis on spatially separated observables which are necessarily compatible. It states that, for any n pairwise compatible observables
No-disturbance conditions guarantee that the distribution p(Λ m ) of measurement outcomes of some pairwise compatible observables are independent of the measurement of observables in Λ n −Λ m which is compatible to all of the observables of Λ m . Non-signaling conditions are a special kind of no-disturbance conditions, and quantum theory also satisfies the no-disturbance conditions, but there are theories that satisfy the no-disturbance conditions and violate non-contextuality inequalities more than quantum theory [10, 12] .
To stress the importance of such a definition in Bell type monogamy problems, let us consider the monogamy relation between CHSH inequalities. For [10] , Alice and Charlie also share a PR-box, it seems to violate the monogamy relation, but as we will show, this will lead a violation of our definition of non-signaling conditions. First we denote the probability distribution of two dichotomic measurements as
, and p(a 2 c 2 |A 2 C 2 ) have the same distribution:
while the probability distributions of p(a 1 b 2 |A 1 B 2 ) and p(a 1 c 2 |A 1 C 2 ) are the same:
Since Alice, Bob and Charlie are spatially separated, there must be a set of distributions p({B j , A i , C k }) = {p(b j a i c k |B j A i C k )} satisfying nonsignaling conditions, but as we will show,this can not be achieved.
Like two-measurement case, we denote the probability distribution of three measurements as
By solving linear equations we know that p(
have the same distribution, and the distributions of all
Using all these messages, we get marginal probability distribution like
This is obviously contradict with non-signaling condition. Note that this result is an example of monogamy between PR-box, i.e. two PR-boxes can not be simultaneously shared by Alice-Bob and Alice-Charlie. Monogamy relation of nonlocalities and contextualies have a strong relation with the monogamy of quantum probability boxes. We now explain how these definitions are related with monogamy of various inequalities. For two inequalitytype nonlocality(or contextuality) testing experiments , 2) , where R Li , R Qi and R N Si are their local bounds, quantum bounds and nonsignaling bounds respectively. We can draw the experimental measurement graphs of these two inequalities and their corresponding compatible graphs which are usually some isolated incomplete graphs(if the compatible graph is a complete graph, then R L = R Q = R N S , it can not test anything). For these two experiments, the monogamy relation reads
.e. the summed inequality's local bound and quantum bound are the same, both are equal to the summation of two initial local bound, then, only one of the inequality can get violated value, this is the monogamy relation. For our purpose, we only concern the case that two incomplete graphs are connected in some points, namely, two inequalities share some measurements(if not, two isolated graphs have no interaction, the monogamy relation I = I 1 + I 1 ≤ R L = R Q = R L1 + R L2 holds only if R L1 = R Q1 and R L2 = R Q2 , the relation R L = R Q between local bound and quantum bound of summed inequality holds trivially). If the overall compatible graph of two inequalities is a chordal graph, then there exist a joint probability distribution which can reproduce all measurable correlations involved in two experiment, then both of them can not get violated value, the result is trivial. It is natural to consider the subgraph of the overall compatible graph, we can recombined the inequalities as I 1 + I 2 = I
(1) + I (2) with local bound satisfying
if both compatible graphs of I
(1) and I (2) are chordal graph, then we can prove the monogamy relation. This is exactly what we will do in the following section.
MAIN RESULTS
The experimental measurement graph of Genelized CHSH inequalities [14] , B(2m)
, is a 2m-cycle. In KCBStype non-contextuality testing scenario, the experimental measurement graph of C(5) = A 1 A 2 + A 2 A 3 + · · · + A 5 A 1 ≥ −3 is also a cycle. These inequalities can be generalized as a unified n-cycle noncontextual inequality [15] with measurements {A 1 , · · · , A n }:
where A n+1 = A 1 , γ i = ±1 and the number of negative γ i is odd. Since we can substitute A with −A, the number of negative γ i can been reduced to one. Theorem 1.
For any n-cycle noncontextual(resp. 2m-generalized CHSH) experiment with measurements
If there is a joint probability distribution for all involved measurements p(a 1 , · · · , a n |A 1 , · · · , A n )(resp.
such that all measurable marginal can be reproduced from this joint probability distribution, then the inequality holds:
Proof. Suppose p(a 1 , · · · , a n ) is such a joint possibility distribution, then
γ n a n a 1 p(a n a 1 ),
For generalized CHSH inequalities, the proof is just the same.
Since chordal compatible measurement graph have the joint possibility distributions meet the requirements, each inequality experimental measurement graph whose compatible measurement graph is a chordal graph can not get the violated values in no-disturbance(nonsignaling) theories.
Theorem 2. Suppose Alice do Bell nonlocal experiments with k Bob simultaneously in a generalized CHSH scenario, if these experiments share at least two measurements in Alice's part, then there is a monogamy relation between these k generalized CHSH inequalities, mathe-matically, it reads
in which R Li , i = 1, · · · , k is locality bound.
, in which i = j, i and j are chose such that the number of negative terms is exactly one. Since the local bound of generalized CHSH inequality only depends on the number of measurements,
. Since all R Li and R L (i) are positive, to violate the monogamy relation, at least one of recombined Bell inequality should be violated, say
. However, the compatible graph of B (i) is a chordal graph(for measurement B j is compatible with all other measurement in B (i) ), there exists a joint possibility distribution such that all measurable marginal can be reproduced from it, by theorem 1, the inequality can not be violated, this is a contradiction. Thus, we have
To illustrate the method more explicitly, we give the proof for the case B(2×4)+B(2×3) ≤ R L8 +R L6 = 6+4, see Fig. 2(a) 
(2) ≤ 4 should be violated, however, since both of their corresponding compatible measurement graphs are chordal graphs, we can construct the joint probability distributions as:
Every experimental joint measurement probability distribution can be reproduced from these two distributions, thus in non-signaling theory, they both can not get violated values, this is a contradiction. Note that for k inequalities, we can only recombine them into k inequalities with chordal compatible measurement graph, otherwise the upper bounds will change. This result show that Bell nonlocal monogamy may exist in different type Bell inequalities, it seems that this monogamy relation can be used to classify Bell nonlocality.
Theorem 3. For any contextual type experiment C(N ) of Alice and CHSH type experiment CHSH between spatially separated Alice and Bob, with two measurements A 1 and A 2 shared in both experiments, there is such a monogamy relation:
Proof. This is the same sa proof of the above theorem, detailed process for C(8) Fig. 2(b) .
with two measurements sharing in each inequality and any pair of measurements(excluding the sharing two measurements) from different inequalities are compatible. Then there is a monogamy relation between these in-equalities:
Proof. The proof is the same as the proof of theorem 2, detailed process for C(8) + C(11) ≤ R C8 + R C11 = 6 + 9 is sketched in Fig. 2(c) , as in the figure, any A i (i = 0, 5) is compatiable with A ′ j (j = 0, 6). Theorem 5.
For N spatially separated parties {S i } i=1,··· ,N and N generalized CHSH type Bell experiments B i,i+1 (particularly CHSH i,i+1 ) between i-th party and (i + 1)-th party, with B i,i+1 and B i−1,i having at least two measurements in common, we have:
(1)Loop-type many-party monogamy relation:
where N + 1 = 1, each R Li,i+1 is the local bound of generalized CHSH inequality B i,i+1 .
(2)Chain-type many-party monogamy relation:
where R L , R Q and R N S are the local bound, quantum bound and non-signaling bound of sumed CHSH inequality respectively. Proof.
(1)We can equivalently consider the violation of 2(
, to get the violated value, at least one couple of B i−1,i + B i,i+1 ≤ R Li−1 + R i should be violated. However, from theorem 2 we know B i−1,i and B i,i+1 are monogamy for all 1 = 1, · · · , N , thus we arrive a contradiction. As an example, consider Alice, Bob and Charlie are doing CHSH experiments pairwise, with
should be violated, this is impossible from the monogamy relation of CHSH inequalities.
(2)Note that each two adjacent CHSH inequalities are monogamous, we can let one of it get the maximal value, say 2. By this way we see that the theorem is a direct consequence of the monogamy relation of CHSH inequalities. Note that the number of CHSH inequalities must be odd, otherwise, there is no monogamy relation. For example, sumed CHSH inequality CHSH 1,2 + · · ·+ CHSH 2n−1,2n ≤ L 4n − 2 ≤ Q R Q ≤ N S 4n have different local bound and quantum bound.
The above theorem is two kinds of tradeoff relations beyond one-to-many scenario, they are somewhat more intrinsic from the viewpoint of correlations of many-party physical systems.
Qin et al. [20] have a very similar result with our loop-type monogamy relation for three patries, expressed with sum of squares of CHSH operators' expectation values: CHSH 
CONCLUSIONS
In this article, we present a method which is suitable for a large set of monogamy problems, such as cycle type noncontextual inequalities and generalized CHSH inequalities. For a nonlocality testing experiment(resp. contextuality testing experiment), the existence of joint possibility distribution, with which all measurable marginal can be reproduced from it, prevents the violations of nonlocal inequality(resp. noncontextual inequality). Utilizing this method, we present several novel monogamy relations of one-to-many type: monogamy of generalized CHSH inequalities(not necessarily of the same type and only sharing two measurements); monogamy of n-cycle noncontextual inequalities(not necessarily of the same type and only sharing two measurements); and monogamy between CHSH inequalities and n-cycle noncontextual inequalities. Besides, we exhibit some tradeoff relations like loop-type and chaintype monogamies of generalized CHSH inequalities for n parties beyond one-to-many scenario.
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